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We review the derivation of the metric for a spinning body of any shape and
composition using linearized general relativity theory (LGRT), and also obtain
the same metric using a transformation argument. The latter derivation makes it
clear that the linearized metric contains only the Eddington o and y parameters,
S0 no new parameter is involved in frame-dragging or Lense—Thirring effects.
We then calculate the precession of an orbiting gyroscope in a general weak
gravitational field described by a Newtonian potential (the gravitoelectric field)
and a vector potential (the gravitomagnetic field). Next we make a multipole
analysis of the potentials and the precession equations, giving al of these in
terms of the spherical harmonics moments of the density distribution. Theanalysis
is not limited to an axially symmetric source, athough the Earth, which is the
main application, is very nearly axisymmetric. Finally, we analyze the precession
in regard to the Gravity Probe B (GP-B) experiment, and find that the effect of
the Earth’s quadrupole moment (J,) on the geodetic precession is large enough
to be measured by GP-B (a previously known result), but the effect on the
Lense—Thirring precession is somewhat beyond the expected GP-B accuracy.

1. INTRODUCTION

The Gravity Probe B satelliteis scheduled to fly in the year 2000 (K eiser,
1998). It contains a set of gyroscopes intended to test the predictions of
general relativity (GR) that a gyroscope in a low circular polar orbit with
atitude 650 kmwill precess about 6.6 arcsec/year inthe orbital plane (geodetic
precession) and about 42 milliarcsec/year perpendicular to the orbital plane
[LT precession, see Misner et al. (1973); Ohanian and Ruffini (1994), secs.
4.7 and 7.8; Will (1993), sec. 9.1]. In this paper we review the theoretical
derivation of these effects and in particular consider the contributions of the
Earth’'s quadrupole and higher multipole fields.
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We first review the derivation of the metric for a rotating body using
the standard LGRT approach (Lense and Thirring, 1918; Misner et al., 1973;
Ohanian and Ruffini, 1994, secs. 4.7 and 7.8). The metric is characterized
by a Newtonian scalar potential (the gravitoelectric field) and a vector poten-
tia (the gravitomagnetic field) (Ohanian and Ruffini, 1994, sec. 3.5). We
then obtain the same result with a simple transformation argument which
clarifiesthe physical meaning of the metric (Will, 1993, sec. 4.3). Specifically,
it makes clear that if the metric of apoint mass contains fundamental parame-
ters such as the Eddington parameters o and vy, then to lowest order the
metric of arotating body contains no new fundamental parameters (Nordtvedt,
1998). Thus there is no new Lense—Thirring or frame-dragging parameter to
be measured by GP-B or any other experiment.

We then derive the precession equations for a gyroscope in a general
weak field system, that is, for any scalar and vector potentia fields (Misner
et al., Wheeler, 1973). The calculation is valid to first order in the fields and
velocities of the source body and the satellite. The gravitational field of the
Earth is described by the scalar and vector potentials, which depend on the
shape of the body and the mass and velocity distribution inside it. We treat
both of these fields by a multipole expansion and express the precessions in
series of spherical harmonics. We do not limit ourselvesto the axially symmet-
ric case, which has been thoroughly studied by Teyssandier (1977, 1978). In
particular, we show that for a solid body rotation up to the order | = 2 both
precessions depend only on the tensor of inertia of the Earth.

The major nonspherical contributions to the GP-B precessions are from
the Earth’s quadrupole moment. The contribution to the geodetic precession
which has a magnitude of about 1 part in 10° is detectable by GP-B and
quite important for the determination of the parameter -y, which is to be
measured to about 1 part in 10°, the most accurate measurement envisioned
(Ohanian and Ruffini, 1994, sec. 3.5 and in particular Table 14.2). This
contribution has been cal culated independently by Wilkins (1968) and Barker
and O'Connel (1970), and then in the most elegant and general way by
Breakwell (1988). The contribution to the Lense—Thirring precession is
beyond the expected accuracy of GP-B and close enough to the result by
Teyssandier (1977) obtained from a different Earth model.

We aso estimate the influence of Moon and Sun to find that only the
geodetic contribution of the Sun must beincluded in the GP-B datareduction,
as anticipated.

Since many parts of this paper refer to previously known results, a
brief summary of new and novel features is in order. The derivation of the
Lense—Thirring metric by Lorentz transformation and superposition is the
simplest and most physical analysis of which we are aware; the physical
conclusion is that no independent new Eddington (or PPN) parameter is
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associated with gravitomagnetic effects, which has involved some dispute
(Ciufollini and Wheeler, 1995). The basic equations for the precession are
derived in complete generaity in the context of the linearized theory, and
the “small” terms are considered in detail. The multipole expansions are for
general (quasistatic) scalar and vector fields and not limited to axisymmetric
fields; this alows for future analysis of nonaxisymmetric perturbations for
GP-B and astrophysical systems. For the case where only the multipole
moments for e = 2 are important, particularly simple precession results are
given in terms of the inertia tensor; this allows extension of the classic
Lense—Thirring formula to a spherical body with any density distribution,
or to a symmetric top rotating about its symmetry axis. Using two rather
general models of the Earth, we illustrate how the vector potential field may
be constructed from the known scalar potential using our general relations.
Finally, the oblateness correction to the Lense—Thirring precession confirms
the result of Teyssandier that it is small enough that it does not need to be
included in the GP-B analysis.

2. THE METRIC IN LINEARIZED GENERAL RELATIVITY
THEORY

We first briefly review this standard derivation of linearized general
relativity theory. The metric of arotating body such as the Earth is obtained
by introducing a small perturbation of the Lorentz metric v,,,, that is,

gpw = My + hpw (l)

The perturbation h,,,, is assumed to be expressed in isotropic space coordinates
so that hy; = hy,, = hyz = hg, Similarly, we suppose the matter producing
the metric field is described by the energy-momentum tensor of slow-moving
and low-density matter with negligible pressure,

™ = puru’ 2
where u* is the 4-velocity and p isthe matter density. The field equations are
G, = 8nGT,, (3)

where G,,, is the Einstein tensor.
The calculation of G,, and T,, to the lowest order in the perturbation
is straightforward and results in the following equations:

2
D? (hw - % hnw> = 167GT,., h=f, D=5-V ()

hi =0 (5)
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Here indices are raised and lowered with the Lorentz metric, which is consis-
tent to lowest order, and the vertical bar denotes differentiation. The last
expression imposes the so-called Lorentz condition, which can always be
achieved by a coordinate transformation (to lowest order) and involves no
loss of generality; it isaso the analog of a gauge choice in electromagnetism.
Because we have used isotropic coordinates, equation (4) leads immediately
to hgy = hs, and the standard classical correspondence gives hyy = hy = 2.
We thereby obtain the wave equations for the scalar and vector potentials:

D*® = —4nGp (6)

D2h = 16mGpv, R = {hoy, ho, hoz} (7)

where V is the vel ocity of the source. These equations may be solved in the
standard way by means of aretarded Green's function. In the case of atime-

independent system, or a system which changes so slowly that retardation
effects may be ignored, the solution is

5 -, 34,
®() = —GJM
r=r]
p(FW() d¥
p(TV(T) &
r =

©)

h(r) = 4G J ©)
Note that these expressions are analogs of the equations of electrostatics
and magnetostatics, which is why one may speak about gravitoelectric and
gravitomagnetic effects in the linearized theory.

In summary, we may write the (Lense—Thirring) line element as

ds? = (1 + 2d) dt2 — (1 — 2) dr2 + 2h - dr dt (10)

This is valid to first order in field intensity and source velocity, and will
serve as a basis for calculating the gyroscope precession. Figure 1 shows the
general aspects of the scalar and vector fields of a spinning body; the vector
field generally points in the same direction as the velocity of the surface of
the body.

3. THE METRIC WITH PARAMETERS: DERIVATION BY
FRAME TRANSFORMATION

It is, in fact, possible to obtain the above result from a different and
physically interesting perspective, and moreover introduce parameters conve-
nient for discussing experimental measurements. Following Eddington, con-
sider the metric of amassive point with ageometric mass mat alarge distance
r, so that m'r < 1. We expand the Schwarzschild solution in isotropic
coordinates for this situation as
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D contours

@ (b)
Fig. 1. (a) The scalar field contours and the flow lines of the vector field. (b) The gradient of
the scalar field and the curl of the vector field.

4
(1 — mv2r)? m\ o
dSz—(:I-+—rT]/2I_)2dt2_ 1_5 dr2

:<1—2—m+2i;2+...)dt2—<1+2—m+3i2'2+...>d?2
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Eddington suggested that this be written in terms of parameters as

d32=<1—a27m+32rl2]2+...)dt2—<1+727m+...)d?z (11)

where o, B, and vy are equal to 1 for general relativity. The power series (11)
is clearly arather general form for the metric far from a spherical body.

Since the parameter m which appears in the metric is a constant of
integration representing the mass of the central body (specifically m = GM/
c?), we may absorb the parameter « into it, which is equivalent to taking
a = 1. Thisis consistent aslong as ho independent nongravitational determi-
nation of the mass of the body is considered. We will nevertheless retain o
in our calculations as a book-keeping device.

Indeed, the parameters in (11) may all be viewed as a tool for tracking
which terms in the metric contribute to a gravitational phenomenon such as
the perihelion shift of Mercury or the deflection of starlight by the Sun.
Alternatively they may be viewed as numbers which may not be equal to 1
if ametric theory other than general relativity is actually valid. In either case
they provide a convenient way to express the results of experimental tests
of gravity as giving value to the parameters. This parametrized approach has
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been extended to include many other parameters and has been highly devel-
oped under the name “parametrized post-Newtonian theory,” or PPN (Will,
1993). In this paper we take the viewpoint that genera relativity is to be
tested and emphasize that we are not using the more general PPN approach.
Solar system measurements give p — 1 = (0.2 = 1.0) X 10 % and vy —
1 =(—12 + 1.6) X 1073 which are of course entirely consistent with
general relativity.

We consider now only phenomena in which the quadratic term, ~m?/
r2, in goo is unimportant, that is, in which we may ignore g and assume that
the underlying gravitational theory is linear. Then for a stationary mass,

2m

ds2=(1—a7>dt2—(1+y27m)d?2

(stationary point mass) (12)

Since this is nearly the Lorentz metric, we may generalize it to a moving
mass point by simply transforming to amoving system using atransformation
that is Lorentzian to the first order in velocity:

t=1t— X X =X—wt

Here the subscript r labels the system in which the mass is at rest, and
which moves at velocity v in the x direction in the laboratory system. This
transformation gives the metric for the moving mass point as

d52=(l—aZTm)dtz—<1+727m)d?2+(a+~y)47mvdxdt

(point mass moving in x direction)
This obviously generalizes for motion in any direction to

dsz=(l—asz)dtz—<1+727m>d?2+(a+y)47m(\_/)-d?)dt

(moving point mass) (13)

As we assume that our theory is linear to this order (like general relativity),
we can superpose the fields of adistribution of such point masses and replace
m/r by ®(r) from (8) and 4mv/r by h(r) from (9), resulting in
N _)/ 3-)7
o) = —Gjﬁp(r Jd
r =
p(T V(1) 0¥
ARPAAIY LIS
=

h(r) = 4G J
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= (1 + 2a®) di2 — (1 — 2yP) dr2 + (« + y)(h - dr) dt (14)

This agrees with the general relativity result (10) when o« = y = 1, but now
contains appropriate combinations of Eddington parameters.

We emphasize that this line element has been obtained for any slowly
moving mass distribution from the parametrized metric for a stationary mass
point by transformation and superposition, and thus no new parameter appears
in the expression. Therefore a measurement of a phenomenon which depends
on the cross term in (14) provides a value for o + -y and not for some new
parameter associated with gravitomagnetism (Cuifollini and Wheeler, 1995;
Nordtvedt, 1968, 1988a, b, 1998; Adler and Silbergleit, 1998; Adler, 1999).

Note also that the result is rather strong since it depends on the observa
tionally verified Schwarzschild metric (12), the well-tested Lorenz transfor-
mation, and the principle of superposition, valid for any linear theory.

4. GENERAL PRECESSION RELATIONS

An orbiting gyroscope has its spin axis parallel-displaced in accord with
the metric (14). We calculate this motion with minimal assumptions about
the potentials, which could be the potentials of a nearly spherical and rather
uniform rigid body such as the Earth or a potato-shaped body such asin Fig.
1, with some interior mass distribution. We will work always to the first
order in the potentials and in the velocities v and V of the source and orbiti ng
gyroscope. The parallel displacement equation for the gyro spin S* is (Misner
et al., 1973; Ohanian and Ruffini, 1994, secs. 4.7 and 7.8; Will, 1993, sec. 9.1)

s felgd _
& +{W}S“ds 0 (15)

We suppose that the gyro spin 4-vector is perpendicular to the velocity 4-
vector, which is equivalent to assuming that the gyro spin has no zero
component in its rest frame. From this assumption the zero component in
another frame is easily obtained, and to first order in the satellite velocity it
is given by S0 = S - V. We calculate the Euler— —Lagrange equations in the
standard way, and then put them into canonical form to give the Christoffel
symbols. To lowest order in the potentials and velocity the Christoffel sym-

T e (e (e
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The Roman indices in these expressions are space indices and run from 1 to
3, a vertical bar denotes an ordinary derivative, and | # i. Note that the
gravitational vector potentia R occurs in a gauge invariant way, that is only
its curl appears.

Substitution of the Christoffel symbols into the spin equation of
motion gives

S + (o + VP(SV) — yS(@V') — YWi(PS)

o
+

=Y (b - hy)S = 0 (16)

We break the drift rate into two parts, the geodetic drift rate due to the scalar
potential @, and the Lense—Thirring precession rate due to the vector potential
h. Separating also symmetric and antisymmetric parts of the geodetic effect,
we arrive a, in a 3-dimensional vector notation,

—0.,x8 Q= (0‘ + ”Y)V X h (17)

0 = (0‘ +22”>vq> X V (18)
-é) = -§G + §LT (19)

where QLT and QG are the mstantaneous values of the Lense—Thirring and
geodetic precessions, respectively. Since QLT is the curl of the gravitational
vector potential the Lense—Thirring precession rate is the analog of the
magnetic field in magnetostatics theory. The geodetic effect is of the order
of the scalar potential times the orbital velocity of the satellite, while the
Lense—Thirring terms are of the order the scalar potential times the velocity
of the central body (the Earth), which is typically much smaller than the
orbital velocity. Symmetric geodetic terms are responsible for stretching the
spin vector S, and the reason for separating them is that their effect almost
vanishes when averaged over any reasonable satellite orbit. To see this,
consider the last term in the symmetric part of the geodetic drift rate. Using
Newton’s law in the form V& = — V, we may write
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Sa vV o 2 1dV3\ __AV2
(VO - V))S = << pm V>>S— <2 p >S— >T S
where AV? is the change in the velocity squared in total time T, and it is
assumed that the drift rate is small and S does not change significantly during
this period of time. If the orbit is periodic, this quantity will be zero, and

for a nearly periodic orbit it will be very small. Similarly for the remaining
symmetric terms in the geodetic drift we may Write

(e (s

o\ dv'
i + |
(v V)

(B-V) VO + (S - VOV)

iy/! i
<dVV>S __Avvig
dit

T
Again, thisiszerofor aperiodic orbit and very small for anearly periodic orbit.
In summary, the average precession rate of the gyro spin is
& =G+ G So=@dxS,  Gp=@HxS (20
with the values of the geodetic and precessions given in (17) and (18).
Note that the geodetic and Lense—Thirring effects are approximately
perpendicular to each other for an approximately polar orbit around a central
body of reasonable shape; for a circular polar orbit about a spherical body
they are perpendicular. Figure 2 shows the orientation of the various vectors
for afairly general situation, a satellite in a roughly planar polar orbit about
an oddly shaped body. The geodetic precession vector ()¢ is roughly perpen-
dicular to the orbit plane and the Lense—Thirring precession vector (), 1 has
the general appearance of a dipole magnetic field.

5. EFFECT OF DISTANT MASSES

If there are relatively distant masses, such as the Moon, in the neighbor-
hood of the central body, their density distribution pD(r) may be expressed as

pD(r) = E M, 8(r - rn)
The effect on the scalar and vector potentiasis
Oof) = ~S 73 hol) = 4

It then follows that the precessions due to these distant masses are

> GM,V,,

y - -
|r— n| mr—ry
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<

() (b)
Fig. 2. (a) The satellite isin aroughly planar polar orbit, and the geodetic precession vector
is perpendicular to the orbit. (b) The orientation of the vectors relevant to the Lense—Thirring
precession: the precession vector field has the appearance of a dipole magnetic field.

- + 2 M r—r ><7 — L
ng o ’YEG n(L in)3 , QETZ _(0L+’y)2 GL, -
2 Ir —r, mr =y
(21)

where fn = Mn(F) — F)n) X Vn is the angular momentum of the distant mass.
For the specific case of the Moon and the GP-B experiment the numerical
values will be discussed in Section 9.

6. MULTIPOLE EXPANSIONS

We will henceforth study the case of a body such as the Earth which is
rigidly rotating, thatis,v = o X r. Motivated by expression (9), weintroduce
a new vector potential quantity ﬁ(r)

p(r)r" d%’
- =,
P71
The vector ﬁ)(?) is a harmonic function outside the body which we will

expand in spherical harmonics; for_a special spherically symmetric case
H(r) is collinear with 7. In terms of H(r) the metric (14) may be written as

=(1+ 2ad) dt?> — (1 — 2yD) dr2 + Ao+ ) ((o X H) -dr dt (23)

A() = 40 X TI(F), TI(F) = GJ (22)

Using (8) and (9), it is possible to express the divergence of ﬁ(?) via
the scalar potential, namely,
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VIl =—(0+7 - VD)
which allows usto rewrite formula (17) for the Lense—Thirring precession as
Q=@+ o NI +o@+7 - VD) O
= —(a+ Yo [, + @ + rd))]2 (24)

Here we have chosen the z axis to be along the spin, ® = o2
We now put the origin of spherical coordinates {r, 6, ¢} at the center
of mass of the body, introduce spherical harmonics with the notation

COS IMkp, =cC
Yin(6, ¢) = Pcos 0)f*(me),  F(me)= {Sm Ao N
and expand the potentials ® and T in corresponding series:
|
- GM R
®(F, ) = —== [1 t 2 alvm(t)(;) Yin(®, (p)] (26)
|
> GMR . R
Ii(r, ) = —— [ pi”m(t)<—> Yin(®, cp)] (27)
r i=1,my r

[ = 1termsin (26) and | = O termsin (27) are missing because the origin
is at the center of mass of the body; see expressions (28) and (29) below].
These expansions are in the inertial frame in which the body rotates; the
direction of the coordinate polar axiszisso far arbitrary; Risthe characteristic
size of the body, which we take to be the equatorial radius for the Earth.
The potentials are slowly varying functions of time due to the Earth rotation,
so we write the coefficients as explicit functions of time. These coefficients
are related to the mass distribution in the standard way by

(2 = Buo) (I — m)!
M (I + m)

|
ainlt) = J o0, 0 (g) Yin(0, @) (29

. 2= o) (I — NI S
i) = D G [ o 0 ) Vit 9 6% (29

Note that generally the domain of integration here is also time dependent.
In particular, we write for convenience ai(t) = ay(t), af(t) = 0, pi§(t) =
Pio(t), pi&(t) = 0.

The time dependence in (28) and (29) may be easily analyzed for a
rigidly rotating body provided that the rotation axisisfixed both in theinertial
space and in the body. In that case in the inertial frame with the z axis along
the spin, ® = o 2, the Earth density is
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(T, 1) = pulr, 6, 0 — wt) = p(r, 6, 9)

where pc(r, 6, @) = pe(?) is the time-independent density measured in the
frame rotating with the Earth. Substituting this for the density in (28) and (29)
and transforming to the Earth-fixed frame, we find that the time-dependent
coefficients may be written in terms of constant moments of density
according to

an) | _[lcoswt —sinot|| | &,
[a.sm(t)] " |lsnwt  cos wt H [a,sm] (30)
pis®) | |lcoswt  —sinwt|| | pi%
[p}?n(t)] ~ ||snwt  coswt H [pi%] (31)
and the time-independent coefficients are explicitly given by
2—-39 [ — m)! ST l N\ a3
o = ) = P E IR (o) Vi @) 67 (a2
o Q=8u) (=M [ /1) % e
o = () = S 0 (o)) 5 vio. ) 0% (29

If the rotation axis wanders in the body and/or in the inertial space, the
relation between the time-dependent and time-independent coefficients is
given by acombination of appropriate rotation matriceswhich is more compli-
cated than the one matrix in (30) and (31) (Rose, 1957). Generadly, a time-
dependent coefficient with the indices | and mis alinear combination of the
appropriate time-independent coefficients with the indices| and n = 0, 1,

oo L

Introducing now the time-dependent coefficients from (32) and (33)
back into (26) and (27), we obtain the time-dependent potentialsin a conve-
nient form using time-independent coefficients only:

|
(T, t) = —@ [1 + > eu%(?) Yim(0, ¢ — wt)] (34)

1=2,my

|
niy -8 s p%(?) Vit ¢ o0 | (3)

This is of course what one should expect intuitively; in genera this form
will be most useful for our purposes.

The constant coefficients aj;, in (34) are those that are measured very
accurately for the Earth [up to | = 18, their vaues are found in World
Geodetic System 1984 (1987)]. However, for the Earth of arbitrary shape and
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composition it isimpossible to express pj, through aj,, in other words, their
values, and hence the scalar and vector potentials, are independent. Neverthe-
less, a useful relationship between the two sets of coefficients exists; to
describe it, we need a notation for a general moment of the density,

k
Mmmzfpﬁﬁé)vmwamdﬁ (36)

In particular,

(2= dvg) (=)t -

Am ="M (I my im

Using the definitions (32) and (33) and the recurrence relations for Legendre
functions (Bateman and Erdélyi, 1953), we derive the following equalities
relating pii, to af,
ph=@ + ) Y2 +m+ (0 +m+ 2aliim1
+ (2 = dp) MAham-1 [ — MYM( + m)!]
[MPig—amer — (1 + m = 1)1 + MM g-1m-4]}
pin = (M@ + DH2H +m+ D0+ m+ et (39)
+ (2 = dp) YAt 1m-1 — [(I = mMUM( + m)!]
[MEa—ames — (1 + m = 1) + MM y-1m-4]}
pim = (2 + D7H{{A + m+ Dayiimis
+ (2 = 3)( — MMy 1/M( + m— 1)}

In the second line of (38), the minus sign is taken and .. = swhenv = ¢,
the plussignand . = cwhenv = s, -

From (34) and (35), using the definition (17) of Q 1, we can compute
a rather compact multipole expansion for the Lense—Thirring precession,

I + v GM '
bl ) =5 = 3 [0 Mpaan
1=2,myv
R |
- Ialvm8i3]<?>Ylvm(e1 ¢ — wt) (39)

The corresponding expansion for the geodetic precession is too cumbersome
to be useful.
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7. THE FAR-FIELD/HIGH-SYMMETRY APPROXIMATION:
MULTIPOLESWITH | = 2 AND THE TENSOR OF
INERTIA

If the shape of the central body and the mass distribution inside it
are known, then all the pertinent quantities, including multipole expansion
coefficients a},, and pj%, may be found by integration, but this is rarely the
case. Even when a},, are measured, as for the Earth, all the pj%, and the
Lense-Thirring effect with them, remain entirely undetermined. However,
for a body of any shape and composition, the coefficients as,, (I = 2) and
P, (I = 1) can be expressed in terms of the elements I;; of the tensor of
inertia | determined in a standard way,

= J oP)(r2 5, - xx) dF

Writing I; = [;, we find
213 — 1, — | I, — 1 I3 =1, — |
W= T BT e PhTT um
I3+ 1, — | I l, + 1|
1c _ _!3 2 1 s _ 13 2 1
P11 oM P11 MR (40)

13
as, = — 1 — 3 — , as, = — 2 — N3 —
31 P10 = P11 MR2 21 P10 = Pi1 MRZ

I

—a3, = 0.5pf3 = 0.5 p%§ =

1= VR
Thisis done by comparing the integrals (32) (with | = 2) and (33) (with | =
1) to Ij; using explicit expressions of Legendre functions with | = 1, 2,

formulas for ay and a5, are known and used in geodesy for the determination
of the Earth’'s moments of inertia (Bursa, 1992).

Introducing (40) into (34), (35) and dropping the terms with | > 2 for
® and | > 1 for II, we first obtain the | = 2 formulas for the potentials:

() = —% [M + %(trl - r—?’za? : ?)ﬂ, s

o) = —% [ﬁ - % (tr |)?]

From these we then obtain the approximation for the precessions by differenti-
ation of the expressions (18) and (17) [see aso (22)]:
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+r—‘°’2(|? x V)} (42)
ﬁLT:(aT—Q’)G{|$—3[%(trI)—r—lz(l?-?)]a

+ 3“’r—2r [% )y — |?]} (43)

[Of course, the same expression for ﬁLT is also obtained from (40) and (39)
with | = 2]

Note that formulas (40) and (41) hold in both the body-fixed and inertial
frames, and the coefficients and moments of inertia in the latter depend on
the time if the rotation is not axisymmetric, ai, = afin(t), pin = pin(), I =

li;(t). The expressions (42) and (43) for the precessions are meaningful in
the inertial frame, where generally | = I(t) = R(t)I(0)R(t), R(t) being a
rotation matrix which converts the body-fixed radius vector into the inertial
one. In the above case of a simple rotation about an inertialy fixed axis,

o = W7

cosowt —Snhowt O
sSnwt coswt O
0 0 1

The results (41)—(43) are valid under either of the two conditions (1)
far field, R'r < 1; (2) high symmetry, i.e., al higher order moments are
small. These results alter somewhat our usual notion of the geodetic and
Lense—Thirring effects: the first one is generally proportional not only to the
orbital momentum, butto IT X V aswell, and the Lense—Thirring precession
generaly points not only in the direction of the angular momentum L=
lw, but has also components parallel to w, r,and IT. Two particular cases
of the inertia tensor are of special interest.

(@) Spherical Symmetry, 1 = diag{l, I, I}. In this case, the standard
formulas follow immediately from (43) for a« = v = 1:

— 3GM-> — 2G|[—> §—>.

R(t) =

Q 3( XV) QLT_ r3

Note that we have thus shown this to be the exact result for a spherical Earth
with any radial density distribution p = p(r).
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(b) Symmetric Top, | = diag{l4, I4, I}, I # I. It turns out that for
w = wyz, i.e, for the rotation about the material symmetry axis, the previous
expression for (), 1 remains true; to lowest order in the oblateness, this also
provesto betheexact result for adlightly oblate uniform ellipsoid of revolution
rotating about its semiminor axis. The corresponding expression for (g is
given and discussed in Section 9.

8. EARTH MODELS

To go beyond the | = 2 approximation, one must make some assumptions
about the shape of the central body and density distribution inside it, and
use the data of gravitational potential measurements, as available. Bearing
in mind the application to GP-B, that is, the Earth, we use the following set
of assumptions.

1. Gravitational Potential. We assume it to be measured, i.e., the gravita-
tional coefficients ay, known. Our problem is thus to determine the vector
potential in terms of the coefficients pj¥, using as general an Earth model
as possible.

2. Shape. We assume that the Earth is a dightly oblate ellipsoid of
revolution, so its surface equation to lowest order in the eccentricity € is

r=ry0, ¢) = R(1 — € cos?0) (45)

where Risthe semimajor axis (equatorial radius); the eccentricity isthe ratio
of the difference of the semiaxes to the major one.

3. Mass Distribution. We examine two different models:

(a) With pg > 0 and Ap being arbitrary functions of their arguments,
we set

p(r) = polr) + Ap(8, ¢) > 0, f Ap(0, ¢) SN 6 do dp = 0  (46)

sphere

The first term here describes any depth variation of the average density, and
the only assumption is that the angular variations are depth independent.
(b) For arbitrary functions py > 0 and ps, we set

p(F) = polr) + pd8, ) 3(r — g6, ¢)) >0 (47)

Contrary to the previous model, here all angular variations of the density are
concentrated at the earth’s surface.
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We will call model A the set of assumptions 1, 2, and 3(a), and model
B the assumptions 1, 2, and 3(b); in both cases the mass distributions are,
of course, assumed consistent with the gravitational data of the assumption 1.

As far as the Earth is concerned, assumption 2 reflects the classical
Clairaut formula (Roy, 1988) (the eccentricity is e ~ 3.353 X 103); also,
the mass model 3(b) seems rather redlistic for the Earth since the estimated
thickness of the layer where its mass distribution varies significantly in the
angular directions is only about 30 km.

Note that an entirely different Earth model isused in geodesy: it assumes
that the sum of gravitational and centrifugal potentials is constant at the
Earth ellipsoid’'s surface Kaula (1966). This alows one to relate a,q to the
eccentricity and the Earth angular velocity only (in particular, to obtain the
Earth’sgravitational oblateness J, = —a,g with asurprisingly good accuracy),
but gives zero values to a},,, m # 0, and leaves pj}, undetermined.

Evidently, our two models should give bounds for the corrections to the
| = 2 values of the precessions. Moreover, for both of them it is possible to
find the corrections explicitly by means of the following four steps:

1. Calculate a}, by (32) via spherical harmonics coefficients pf;, of the
function Ap(6, ¢) for model A [or pg(8, ¢) for model B].

2. Since a},, are assumed known, solve the resulting equations for pfp,
hence having them expressed via &, (thus Ap or ps are uniquely determined
at this stage through the gravitational data).

3. Using that, calculate the needed moments M}, 4,1, Of the density by
(36) in terms of ajy,

4. Using the found values of M}, 4,1, €xpress pit, through aj,, according
to (38).

In fact, what is described here is a fit of our density distributions (46)
and (47) to the known gravitational coefficients a},,, which alows us, in these
two cases, to expressthe former through the latter and thus determine uniquely
the coefficientspiy, i.e., the gravitomagnetic part of thefield. Theimplementa-
tion of this procedureis rather cumbersome, though basically straightforward,
so the details are given in the Appendix. The results of the calculations to
lowest order in the Earth’s eccentricity are

1
22 + 1)

pin = [‘(' tm+ D+ m+2)alme + (11— m

2
X (I =m= Dralim + 53— @%im-1 — K&A1m-1)
2 —dm

+ O((el)?
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i = s [0 M D0+ o+ Dt + (- )
X (I =m= Drafimer — 2%81 (@4 im-1 + k@ im-1)]
+ O((el)?
= 57 [0+ M+ Datan + ( — Mt o] + O (49

with the minus sign and w = sfor v = ¢, the plussignand p. = c forv =
s in the second of these formulas, and
|+ 2
K =12 (model A), kK =1 (model B)

It is remarkable that the first nonzero oblateness correction is quadratic,
and that the results for the two models differ by just a factor (I + 2)/(1 +
4) in front of a couple of terms. These expressions are needed only for | =
2 since for | = 1 formulas (40) always hold.

9. RESULTS FOR GRAVITY PROBE B

We now apply the above results to the GP-B satellite which will be
circling the Earth on alow (R/r =~ 0.9) polar, nearly circular orbit. Our aim
is to check the GR predictions for the geodetic and Lense—Thirring drift of
a GP-B gyroscope taking into account al the peculiarities of the real Earth’'s
gravitoelectric and gravitomagnetic field pertinent to the expected experimen-
tal error of 1 part in 10° for the geodetic effect and about 1 part in 10° for
the Lense—Thirring effect. More precisely, one needs to check whether the
spherically symmetric approximation (44), which has been used for many
years in the theoretical discussion and planning of the experiment, needs any
corrections to match the above experimental accuracy.

We use the GR values for the Eddington parameters « = y = 1 in the
sequel. We always use assumption 2 of the previous section that the Earth
has a shape of a dightly oblate ellipsoid of revolution with the eccentricity
e = 3.353 X 1073 Its semiminor axis is assumed fixed in the inertia
space and coincident with the Earth rotation axis and the z axis of the
Cartesian coordinates.

1. Gravitational Potential. For the required accuracy, it is enough to
include only the Earth’s quadrupole moment into &, i.e., to set
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—ay = J, =~ 1.083 X 1073 am,=0 forl=2 m>0; | >2
(49)

Thisis because all gravitationa coefficients other than the Earth’s oblateness
J, are a least 2 orders of magnitude smaller (World Geodetic System 1984,
1987). By (49) and (40), the | = 2 expression (40) for ® is valid with

| :diag{ll,ll,l}, |1: | _JzMRZ (50)
which gives the gravitational potential in the usua form:

> GM R (.7 GM R?
o) = —=+ [1 ~ o (sﬁ - 1)] === [1 — J2 5 Pofcos 6)]

2. Instantaneous Geodetic Precession. Just as for the potential, (49)
assures that the | = 2 formula (42) is valid for (). The explicit form of the
geodetic precession is obtained either from (42) and (50) or from its general
definition (18) by differentiating the above expression for the potential. The
result reads

2
= 3GM | » o 3/R
= XV)+ 2=
Qg 3 {(r V) JZZ(r)

X [(1 - 5722)(? x V) + 222 X V)]} (51)

Thisexpression containsthe J, correctionsto the classical spherically symmet-
ric expression (44). Breakwell (1988) obtained it, but in a different form,
pinning the value of the precession to a point on a given satellite orbit rather
than to a given point in space through which the spinning particle passes
with a velocity V.

3. Gravitomagnetic Field and the Instantaneous Lense—Thirring Preces-
sion. We now invoke our assumption about the mass distribution (models A
and B of the previous section) and substitute the values (49) of the gravitational
coefficients into the expressions (48) for pi¥. In this way it turns out that for
both models A and B the only nonzero coefficients additional to | = 1 are
those with | = 3, m = 0, 1, and their values are

5 15
i = pai = 9% pH = — 9%  (model A)

1 3
p¥ = p3 = 2% PH = =% (model B) (52)
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So, for both our models the only addition to the field of a symmetric top is
the gravitomagnetic field (52). In terms of the Lense—Thirring precession
that means that the standard expression (44) has to be appended by the terms
(52) from the general formula (39) for the precession. The result reads

-2 [(s2 - s+ 52 1]

— g, MR R [z(r—zz) Ro+ x<§> x W] (53)

r3 r r r r

where (recall Z/r? = cos’0)

Z(cos?0) = Zy(35 cos® — 30 cos’0 + 3), X(cos?0) = Xy(5 cos?0 — 1)
15 15

Zo=ggr %o = 49 (modelA); (54)
_3 _3
ZO—14, Xo 2 (model B)

The second line of (53) is the correction to the classical Lense—Thirring
expression in the first line which is induced by the gravitomagnetic field
(52). [Recall from Section 7, case (b), that the dependence of ), on J, for
a symmetric top rotating about its symmetry axis cancels out—remarkably!
Thus the first line of (53) contains no J,.]

Note that the only difference between the Earth models A and B is a
factor of 7/5 in the constants Z, and X,.

Note also that allowing for more multipolesin the gravitational potential
than given in equation (49) automatically yields higher order multipoles in
the gravitomagnetic field by the expressions (48) for pj%. However, for GP-
B al these higher order corrections prove to be too small to be taken into
account.

4. Orbit of the GP-B Satellite and the Instantaneous Values of Preces-
sions. The perfect orbit for the GP-B satellite would be a circular polar one
with the dtitude hy = 650 km, which is described by r = ro = R+ hg, V =
Vo = /GM/rg. In redlity it is dlightly distorted by the quadrupole moment
of the Earth’'s gravitationa field; with the lowest order in J, corrections
included, the orbit becomes (Breakwell, 1987; Barker and O’ Connel, 1970)
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2
1 R
ro[l ZJZ( E)) cosze]
2 2
3.(R ~ 1 _(R\ . .
[ —_ _|_ — J—
Vo[l 8J2<r0>][9 ZJZ(rc,) sin Zer]

where 7, 6, ¢ are the corresponding unit vectors. (In view of the orhit
symmetry, it is enough to consider a half-orbit from one pole to the other,
0 = 6 = m; otherwise, the second half may be assigned to m = 6 = 2,
with the proper direction of the unit vector &,.)

Introducing the orbital velocity (55) into the formula (51) and dropping
some terms O(J3), we obtain the geodetic precession for the GP-B gyroscope
in the following form:

2
= _3BMV[. 3 (R 3 -
Q¢ o2 [1 5 J2<ro> ][l +3 J2< ) 1-3 cosze)]

_,
|

(55)

<l

Using now the orbit radius (55) and keeping only the corrections linear in
J,, we arrive at the expression we need:

2
— SGMVO R\(5 7 N
+ X —|l=—=
Qg o2 [1 J2<r0> (8 zcoszeﬂe‘F (56)

To derive a similar formula for ﬁLT from (53), we of course need no
orhital velocity, but only the orbit radius (55); with accuracy O(J,) theinstanta-
neous value of the Lense—Thirring precession for GP-B turns out to be

—

— —
Qi =0% + 0P

09 = Glo [(3 cos?d — 1)z + (3 cos b sin B)X] (57)
oW =3, Glo [( )(U Zw)z+<VBcose—X@2)sin 6)‘(]
rO rO ro |

For convenience, we have assumed that the orbit is in the planey = 0; the
values of Z = Z (cos? §) and X = X(cos?) are given in (54), while

U(cos?0) = %(6 cos'® — 5 cos?h + 1), V(cos?0) = % (2 cos?® — 1)

(58)

Note that the expressions (56) and (57) contain the corrections coming
both directly from the non-spherically symmetric gravitoelectric and gravito-
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magnetic field and also through the influence of the former on the orbit. The
first contribution can be distinguished from the second in the Lense—Thirring
precession (57) by the presence of the factor MR?/I; however, in the geodetic
precession (56) this difference is concealed.

5. Orbit-Averaged Precessions: the GP-B Drift Rates. With the above
results, it is now straightforward to carry out the orbit averaging, which
reduces to a simple integration over 6. In this way, to lowest order in the
Earth’s oblateness J, ~ 1.083 X 103, using (56), we find

<QG>’ - 2I’% 1- _‘JZ é =

— 1. X —314
5 o = o7 [1— 1003 X 10778,

o

S _3GMV[ 9 <5>2] 3GMV

(59)

where the values R = 6378 km and r, = 7028 km for the Earth’s and orbit
radius have been taken. The result exactly coincides with the one found by
Breakwell (1988) in a different way (he gave the formula for the orbit of
any inclination). Since GP-B is intended to measure the geodetic precession
and the Eddington parameter -y to about 1 part in 10°, a 0.1% correction is
critically important. Note that the GP-B gyro spin axiswill beinitially aligned
with the reference direction to the guide star in the orbit plane, so the geodetic
effect will cause the in-plane drift of the spin in the north—south direction.
In a similar fashion, from (57) we derive

2
@ -G 1+ 3R] (3- %) e (60)

For our mode! B, Z, = 3/14 according to (54); therefore, with MR%/| = 3.024
for the Earth,

Q) = Slo |:1 2 Jz(

2
R 3 MR? Glw
- =" \l5 = — 2. X —415
2[‘8 8 . )(l >:|Z [1—-297 X 10742

o 71 o3

Thus the J, correction for model B is (—0.03%), which is essentialy beyond
the expected GP-B accuracy for the Lense—Thirring effect. For model A the
correction is of the opposite sign and almost one order of magnitude smaller,
about 0.007%. For adifferent model of the mass distribution inside the Earth,
Teyssandier (1977) obtained a slightly larger correction of about —0.011%,
with the same significance for GP-B.

6. Effect of the Moon. According to formula (21) from Section 5, the
geodetic effect from a distant mass such as the Moon scales with the mass
and inversely with the square of distance. Since the Moon has a small mass
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and is at a large distance, we expect its effect to be small. A rough estimate
for the geodetic precession due to the Moon is

oy MM<mf
=-M[0) ~ 106 62
Q9" M iy (62)

which is too small to be of significance for the GP-B experiment.

The Lense-Thirring effect scales with the angular momentum and
inversely with the cube of the distance. Since the velocity of the Moon in
its orbit is small, we expect its effect to be small, and the estimate

ot LM<mf
=== =~10°° 63
() L \Im ©3)

shows that it is really far beyond the GP-B accuracy. Thus the Moon is of
no consequence for the GP-B experiment.

6. Effect of the Sun. Although the Sun is quite distant, its mass is large
compared to the Earth, so it is not apparent how large its effect on the
precession will be. We can calculate this using (18). In the inertial frame
centered on the Sun the velocity of the satellite will be the sum of the satellite
velocity in the Earth orbit plus the orbital velocity of the Earth,

v = 73 + VEO (64)

But the satellite velocity averages to zero in the course of one orbit, while
the other factorsin (18) change very little, so for long time averages we may
neglect the satellite velocity compared to the Earth orbital velocity. Treating
the Sun as a point mass and approximating the Earth orbit as a circle, we
may thus write (18) as

S GMyV,
Qg%(‘”ZV) =g
2 rg

(65)

where the unit vector f is perpendicular to the plane of the ecliptic and rg
is the Earth—Sun distance. The numerical value of this, witha = v = 1, is

(Q®) ~ 6.3 X 1077 radlyear = 19 marcsec/year (66)

This contribution to the GP-B precession is not negligible and must be
included in the data analysis. It was first discussed by deSitter (19164, b),
and further information and references can be found in the book by Will
(1993). Note an important fact concerning the direction of the above preces-
sion vector: it is perpendicular to the plane of the ecliptic, whereas the
geodetic precession vector due to the Earth liesmainly in the equatorial plane
of the Earth, so the two are not parallel. Indeed, the precession due to the
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Sun is roughly in the direction of the Lense—Thirring precession due to the
Earth. Finally, we may estimate the precession due to the spin of the Sun by
using (44). Sincethe spin period of the Sunisabout 1 month, thisgivesroughly

QP ~ 10~ radlyear = 0.002 marcsec/year (67)

which is far too small to be of relevance to the GP-B experiment.
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APPENDIX

Let us show briefly the implementation of the four-step procedure
described in Section 8, which allows usto obtain expressions (48) for gravito-
magnetic multipole coefficients pj%,. We do it for the Earth model A; calcula-
tions for model B are similar.

First, we introduce the model A density distribution (46) into the defini-
tion (36) of the general moment M, ,, of the density and cal cul ate this moment
for the shape of a dlightly oblate ellipsoid of revolution (assumption 2 of
Section 8). Working to the first order in the eccentricity €, we find M}, in
terms of the spherical harmonics coefficients

pim = J ApYinSin 6 do de

of the function Ap(6, ¢) from (46), namely
_1—ek+ 3)Qnm
B k+ 3

+ O((ek)? (A2

Here Qi Sm Tim @re known positive rational fractions of | and m bounded
for all pertinent values of those parameters,
=(I—m+1)(l+m+1)+(I+m)(|—m)
@ + D2 + 3) @ -2 +1
I-m+1(—-—m+2 T _(+ml+m-1
@2+1@+3 mT R - 1)@+ 1)

R73Mllilm pim — G(k + 3)[Smpr+2,m + Tlmpr—Z,m]

le

Sm =
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Formula (A.1) is dightly different for the case | = m = 0, but we do not
need it.

For k = | the left-hand side of the equality (A.l) is given via aj,
according to (37):

s M (+m
R 32—8mo(| —m)! Aim
1—¢€(l + 3)Qm
= % pim — €(I + 3)[Smplizm + Timpl-2m + O((el)?)

Thisis a tridiagonal system of linear algebraic equations for p{;,, with small
off-diagonal elements. Solving it for pii,, we express the latter in terms of

+ O((el)?) (A.2)
where

(- m)!
(I + m)!

Nim = (2 — 8m0)

Introducing now the expression (A.2) back into the general formula (A.1), we
get all moments, with any k, expressed through the gravitational coefficients:

N (R
m = S oo L0 — M) k + 35

_ k+2
k+3

Vi + Sedlsom + -T-Imalvz,m]} +O((el)) (A3

with the quantities Qi Sy Tim SMply related to Qi S Time respectively:

= (I +m)! g _(+m+2)!

le_(l_m)! Imy Sm (I—m+2)! va
~ _(+m-2)
'm_(l—m—2)! Im

We finally set k = | = 1 in (A.3) and use the resulting expressions in the
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relation (38), completing thus the last step of the procedure described in
Section 8 and obtaining the equalities (48) for piy, (model A).
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